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ABSTRACT 


Fractures  caused  by  stress  waves  resulting  from  hypervelocity 
impact  are  sometimes  reduced,  and  at  other  times  are  increased,  by 
the  use  of  laminated  materials.  An  analysis  of  some  of  the  parameters 
which  affect  the  ability  of  a  laminated  structure  to  resist  fracture  . J  r 
following  impact  has  been  conducted.  It  is  shown  that  there  are  multiple 
reflections  from  the  interfaces  bounding  any  layer  of  material.  The 
amplitudes  of  these  waves  attenuate  very  rapidly,  but  because  their 
transmitted  components  may  combine  in  phase  with  other  waves,  they 
sometimes  contribute  substantially  to  the  total  stress  produced.  It  is 
shown  that  these  combined  waves  may  result  in  a  stress  much  greater 
in  the  laminated  material  than  would  have  been  produced  by  the  same 
impact  on  a  solid  target  of  either  of  the  materials  used;  however,  under 
other  conditions,  the  laminate  may  be  employed  to  reduce  the  stress  to 
a  very  small  value.  Pressure  pulse  amplitudes  in  materials  having 
impedance  mismatch  values  ranging  from  0.  1  to  10,  0  and  having  as 
many  as  thirty  laminations  are  presented  in  both  graphical  and  tabular 
form. 
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NOMENCLATURE 


A,  B,  C, 

AA,  BB,  CC, 

B',  B" 

c 

E 

e 

K 

N 

P 

T 

t 

V 

v 

P 

A 


Amplitudes  of  reflected  waves 

Transmitted  components  of  A>  B,  C, 

Amplitudes  of  secondary  waves 

Velocity  of  elastic  waves 

Young's  modulus 

Base  of  natural  logarithms 

Impedance  mismatch 

Lamination  or  interface  number 

Amplitude  of  primary  pressure  wave 

Time 

Lamination  thickness 
Particle  velocity 
Poisson's  ratio 
Material  density 
Wave  or  pulse  length 


SUBSCRIPTS 

A  Aluminum 

N  Lamination  or  interface  number 

o  Original  wave  or  pulse 

r  Reflected  component 

t  Transmitted  component 

Water 


W 


SECTION  I 
INTRODUCTION 


AEDC»TR-65»69 


It  has  been  demonstrated  that  fractures  caused  by  stress  waves  in¬ 
duced  by  hypervelocity  impact  can,  in  many  cases,  be  reduced  by 
employing  laminated  targets  (Ref.  1).  Figure  1  shows  a  fracture  near 
the  rear  surface  of  a  solid  copper  target  caused  by  reflected  stress 
waves.  Figure  2  shows  the  absence  of  such  fractures  in  a  copper-solder 
laminated  target  of  lesser  thickness  subjected  to  a  slightly  more  severe 
impact.  Solid  copper  targets  one-inch  thick  have  spalled  near  the  rear 
surface  when  impacted  by  3/ 16-in.  -diam  aluminum  projectiles  having 
velocities  as  low  as  17,  500  ft/sec,  whereas  laminated  targets  (Fig.  2) 

0.  75 -in.  thick  have  failed  to  spall  when  impacted  with  identical  projec¬ 
tiles  having  velocities  of  21,  300  ft/sec. 

The  results  of  such  experimental  work  have  served  to  alert  the 
design  engineer  to  the  possibility  of  reducing  the  probability  of  damage 
by  the  use  of  laminates.  It  is  realized,  however,  that  it  is  impossible 
to  test  all,  or  even  a  small  percentage  of  the  possible  laminates  (Ref.  2). 

It  is  just  as  important  that  the  design  engineer  realize  that  the  use 
of  laminates  does  not  necessarily  reduce  the  probability  of  damage  but 
may  in  some  cases  result  in  an  increase  in  damage  to  the  structure. 

For  example,  a  30 -cal  by  0.  15 -in.  Lexan®  (a  polycarbonate  resin)  pro¬ 
jectile  fired  at  a  velocity  of  21,  100  fps  destroyed  a  2.  25-in.  -thick 
laminated  plastic  target,  but  an  identical  projectile  fired  at  21,800  fps 
into  a  2.  0-in.  -thick  solid  target  of  the  same  plastic  left  the  target 
intact  (Ref.  3).  It  has  been  shown  that  an  aluminum- copper  laminate 
may  sustain  greater  damage  than  a  solid  target  of  aluminum,  but  that 
an  aluminum-polyethylene  laminate  would  realize  less  damage  (Ref.  4) 
when  impacted  at  the  same  velocity  by  an  identical  projectile. 

This  report  deals  primarily  with  a  theoretical  study  of  the  trans¬ 
mission  and  reflection  of  stress  waves  in  composite  laminates  and  an 
analysis  of  some  of  the  parameters  which  may  affect  the  ability  of  a 
structure  to  resist  fracture  induced  by  hypervelocity  impact.  It  is  hoped 
that  this  study  will  answer  some  of  the  questions  as  to  how  and  why 
laminates  act  as  they  do  when  subjected  to  impact. 


SECTION  II 

ASSUMPTIONS  AND  LIMITATIONS 


As  in  most  theoretical  investigations,  it  is  necessary  to  make 
certain  assumptions  and  to  specify  some  limitations.  This  may  be  done 
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either  to  simplify  the  mathematical  derivations  or  because  of  a  lack  of 
information  or  knowledge  in  certain  areas.  Both  of  these  reasons  have 
prompted  the  following  assumptions: 


1.  This  report  is  limited  to  the  action  of  elastic  waves  in  the 
‘targets.  When  a  solid  body  is  impacted  by  a  hypervelocity 
projectile,  a  crater  is  formed  which  expands  very  rapidly 
at  first.  As  the  velocity  of  crater  formation  decreases,  a 
shock  wave  is  detached  from  its  surface  but  soon  decays 
into  a  spherical  elastic  wave  which  continues  to  travel 
through  the  target  (Ref.  5).  The  relative  distance  covered 
by  the  plastic  shock  wave  is  small,  assuming  a  thick  target, 
and  fractures  produced  within  this  distance  consist  mainly 
of  deformation  of  the  target  and  ejection  of  target  material 
by  forces  other  than  those  attributed  to  the  shock  wave. 


2. 


Closely  related  to  the  above  is  the  assumption  that  the 
velocity  of  the  elastic  wave  is  a  constant  through  any  given 
material  and  is  specified  by  the  relation 


c 


r _ e  o  -y) _ i/x 

[p  (1+v)  (l-2v)J 


(1) 


where  c  is  the  wave  velocity,  E  is  Young's  modulus,  v  is 
Poisson's  ratio,  and  p  is  the  material  density.  This  assump¬ 
tion  is  made  for  both  incident  and  reflected  waves.  Since  the 
reflected  wave  will  traverse  material  through  which  the  inci¬ 
dent  wave  has  recently  passed,  it  is  acknowledged  that  the 
density  and  elastic  constants  may  change  slightly,  perhaps 
because  of  the  heating  of  the  material.  (It  has  been  shown 
that  the  velocity  of  the  reflected  wave  in  Lucite®  (acrylic 
resin)  is  about  80  percent  of  that  of  the  incident  wave  (Ref.  3)). 
The  reason  for  the  assumption  of  constant  velocity  of  the 
elastic  wave  is  that,  at  present,  the  changes  in  material 
properties  and  temperatures  are  not  known  for  the  various 
materials. 


3.  Proceeding  from  the  above,  it  is  further  assumed  that  the 

value  of  the  product,  pc,  called  the  "characteristic  impedance’1 
of  the  medium,  remains  constant. 


4.  The  primary  purpose  of  this  study  is  to  compare  the  stresses 
produced  in  laminates  with  the  stresses  produced  in  targets 
of  a  homogeneous  material.  This  comparison  can  be  made  by 
neglecting  the  stress  attenuation  attributed  to  distance.  Except 
as  noted,  this  attenuation  is  neglected  in  this  report.  When 
the  attenuation  of  the  stress  is  not  neglected,  it  is  assumed 
that  the  rate  of  attenuation  of  stress  amplitude  at  the  wave 
front  as  a  function  of  the  distance  from  its  origin  is  the  same 
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in  both  homogeneous  and  laminated  material,  the  amplitude  of 
the  spherical  pulse  being  inversely  proportional  to  the  distance 
{Ref.  6). 

5.  Only  the  stresses  along  the  axis  perpendicular  to  the  lamina¬ 
tion  interfaces  will  be  considered.  Unless  the  lateral  dimen¬ 
sions  of  the  target  are  very  small,  the  maximum  stress  will 
be  produced  on  this  axis. 

6.  Energy  losses  are  neglected. 


SECTION  III 

PULSE  BEHAVIOR  AT  AN  INTERFACE 


An  abrupt  change  in  the  physical  properties  of  a  material  will  result 
in  the  modification  of  a  pressure  pulse  as  it  encounters  this  change.  In 
general,  a  portion  of  the  pulse  will  be  transmitted,  and  a  portion  will  be 
reflected. 


The  relations  which  describe  the  modification  of  a  pulse  are  based 
upon  the  boundary  conditions  of  continuity  of  pressure  and  continuity  of 
particle  velocity  across  the  interface. 

The  equations  which  express  these  conditions  may  be  written  as 


and 


+  Pr  =  Pt 

(2) 

~  vr  =  Vt 

(3) 

where  P  is  pressure,  V  is  particle  velocity,  and  o,  r,  and  t  refer  to  the 
original  pulse,  the  reflected  pulse,  and  the  transmitted  pulse,  respec¬ 
tively.  The  expression  for  the  conservation  of  momentum  at  the  pulse 
front  is  (Ref.  7) 

P  -  p  c  V  (4) 


Substituting  the  value  of  V  from  this  relation  into  Eq.  ( 3)  gives 


Pq _ Pr _  =  Pt 

Po  co  ~  Ptct  Ptct 


Making  use  of  the  relation 

Po  cn  =  Pr  cr  (Assumption  3) 


gives 


P.  -P,  _  _Pt_ 

P0Co  “  PtCt 


(5) 

(6) 

(7) 
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Solving  Eqs.  (2)  and  (7)  simultaneously  gives  the  following  important 
relations : 


p,  _ 

2ptct 

D 

rt  — 

/’t'l  +  P«coJ 

*  0 

(8) 

Pr  = 

r  Piet  -  Po  °o ” 

1  p° 

(9) 

Pt  CL  +  p O  cO  j 

These  may  be  referred  to  as  the  "impedance  mismatch"  equations. 
Dividing  Eq.  (8)  by  Eq.  (9)  gives 


Pl 

2pt  ci 

(10) 

P, 

Pi  ci  —  Pa  co 

These  equations 

are  somewhat  simplified  by  letting 

K  = 

Pici 

Pd  C0 

(ID 

giving 

Pi  = 

(12)  ' 

Pr  = 

[*ah 

(13) 

and 

Pl 

2K 

(14) 

Pr 

K  -  1 

Some  conclusions  which  may  be  drawn  from  these  relations  are: 

1.  The  sign  of  will  always  be  the  same  as  PQ.  That  is,  a  com¬ 
pression  wave  will  always  be  transmitted  as  a  compression 
wave,  and  a  release  or  tensile  wave  will  always  be  transmitted 
as  a  tensile  wave. 

2.  The  sign  of  Pr  may  be  the  same  as  that  of  P0  or  it  may  be 
different.  If  K  <  1  a  compression  wave  will  be  reflected  as 
tensile  wave,  and  a  tensile  wave  will  be  reflected  as  a  com¬ 
pression  wave.  If  K  >  1  the  sign  of  the  reflected  wave  will  be 
the  same  as  that  of  the  incident  wave. 

3.  If  K  s  1,  Pt  =  PG  and  Pr  =  0 

4.  When  K  «  1,  Pt  =  0  and  Pr  =  -PQ 

5.  When  K  »  1,  Pt  -  2P0  and  Pr  =  PQ 

Reference  to  Fig.  3  may  aid  in  landerstanding  the  mechanics  of  the 
pulse  at  the  interface.  At  the  top  of  the  figure  are  shown  two  distance¬ 
time  plots  of  a  step-function  pulse  having  a  length  A  and  an  amplitude  PQ. 
The  one  shown  at  the  left  is  moving  toward  a  region  having  a  lower  char¬ 
acteristic  impedance  than  the  first,  K  <  1,  and  at  the  right  the  pulse  is 
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shown  moving  into  a  material  of  higher  impedance,  K  >  1.  Shown  below 
the  x-t  plots  are  profiles  of  the  pulse  as  it  is  transmitted  and  reflected 
at  the  interfaces.  For  the  conditions  of  K  <  1  assume  that  K  =  0.  5.  The 
transmitted  pulse  will  have  an  amplitude  of  +0.  667  PQ,  and  the  reflected 
component  will  have  an  amplitude  of  -0.  333  PQ.  Until  complete  trans¬ 
mission  and  reflection  have  occurred  (which  requires  a  time  of  A  /co), 
the  reflected  and  incident  pulses  will  interact  as  shown.  In  the  case  of 
K  >  1,  assume  K  =  2.  0.  The  amplitudes  of  the  transmitted  and  reflected 
pulses  will  be  1.  333  P0  and  0.  333  PQ,  respectively. 

Stresses  developed  will  depend  not  only  upon  the  amplitude  of  the 
incident  pulse,  P0,  and  upon  the  properties  of  the  materials,  but  also 
upon  the  profile  of  the  pressure  pulse.  No  attempt  will  be  made  to 
describe  these  profiles,  but  references  will  be  made  to  their  effects. 
Profiles  of  simple  geometric  forms  will  be  used  as  illustrations. 

Figure  4  gives  the  values  of  the  transmitted  and  reflected  pulse  am¬ 
plitudes  as  functions  of  K.  In  order  that  these  values  may  be  deter¬ 
mined  for  various  combinations  of  actual  materials.  Table  I  gives  some 
average  handbook  values  of  density,  wave  velocity,  and  characteristic 
impedance  of  some  common  materials,  and  Table  II  gives  impedance 
mismatch  values  of  some  possible  material  combinations. 

The  effect  of  the  impedance  mismatch,  K,  on  the  amplitude  of  the 
reflected  pulse  is  shown  qualitatively  in  Fig.  5.  Identical  shock  waves 
were  produced  in  the  two  Lucite  blocks  by  explosives  placed  on  one  face 
of  each  block.  The  first  was  surrounded  by  air  when  the  explosion 
occurred.  As  K  =  0  from  Lucite  to  air,  the  amplitude  of  the  reflected 
pulse,  Pr  =  -P0.  The  spall  near  the  rear  surface  was  therefore  pro¬ 
duced  by  the  reflection  of  the  pressure  pulse  as  a  tensile  wave.  The 
explosion  occurred  on  the  face  of  the  second  block  while  it  was  floating 
on  mercury.  The  value  of  K  from  Lucite  to  mercury  is  approximately 
six.  The  pulse  in  this  case  was  reflected  as  a  pressure  wave  having  a 
value  of  about  0.  72  P0.  Since  no  tensile  stresses  were  produced,  the 
material  did  not  fracture. 

Although  the  relations  for  the  amplitude  of  transmitted  and  reflected 
waves  were  derived  only  for  normal  incidence  of  pressure  waves,  the 
fractures  in  the  Lucite  cylinders  shown  in  Fig.  6  further  illustrate  the 
point.  These  cylinders  were  surrounded  by  air,  water,  and  mercury, 
respectively,  when  subjected  to  identical  explosive  forces  at  their  bases. 
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SECTION  IV 

MULTIPLE  LAMINATIONS 


A  laminated  structure  is  made  up  of  N  interfaces  joining  N  +  1 
layers  of  material.  The  first  layer  of  material  in  which  the  magnitude 
of  the  pressure  pulse  is  Po  is  designated  as  N  =  0.  The  structure  may 
consist  of  any  number  of  materials,  but  for  the  present  it  will  be  assumed 
that  only  two  different  materials  are  employed,  because  this  is  the  most 
common  type  of  laminate  and  is  the  only  one  for  which  it  is  practical  to 
develop  general  relations.  If  more  than  two  materials  are  used,  it  is 
usually  more  simple  to  compute  the  stress  magnitudes  layer  by  layer 
than  to  depend  upon  derived  equations. 


Consider  the  case  in  which  the  laminations  N  =  0,  2,  4,  6  -  -  - 
have  a  characteristic  impedance  of  p0cQ,  and  the  alternate  layers 
N  =  1,  3,  5,  7,  -  -  -  have  an  impedance  of  pc.  The  amplitude  of  the 
pulse  transmitted  past  the  first  interface  has  the  value,  according  to 
'Eq.  (12),  of 


and  the  pressure  reflected  from  this  interface  is  (Eq.  (13)) 


if  the  value  of  K  =  pc/p0co.  As  the  transmitted  pulse  reaches  the  second 
interface,  a  portion  of  it  will  be  transmitted,  and  a  part  of  it  will  be 
reflected.  However,  the  value  of  the  impedance  mismatch  at  this  inter¬ 
face  is  not  K  but  has  a  value  of  1/K.  The  amplitude  of  the  pulse  trans¬ 
mitted  across  the  second  interface  is,  therefore. 


_ 

2  *1 

”  2K  "I  p  _ 

4K 

J  N=2 

K  +  lj 

K  +  1  J  " 

(  K  +  1  )* 

and  the  amplitude  of  the  reflected  component  is 


[i-k1 

r  2  k 

p  2K( 1  -  K  ) 

N -2 

1  +  kJ 

L*  +  1 

°  ■  (K  +  1>* 

This  process  can  be  repeated  again  and  again  in  order  to  determine  the 
pulse  amplitude  at  any  point  in  the  structure.  The  following  relations, 
however,  will  eliminate  much  labor  and  will  permit  these  values  to  be 
computed  directly  for  any  point  in  the  structure. 
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The  magnitude  of  the  pulse  transmitted  past  the  N™  interface  is 
given  by  the  relation 


N  N 

gg 

r  -a- 

K  2 

[_!+  K_ 

if  N  is  an  even  number  and 

Pt 

if  N  is  an  odd  number. 


].  ■  [A 


n 

K  2  P0 


(15) 


(16) 


Plots  of  these  values  of  pulse  amplitudes  in  materials  having  im¬ 
pedance  mismatch  ranging  from  0.  1  to  10.  0  and  for  thirty  laminations 
(numbered  zero  through  29)  are  shown  in  Fig.  7.  These  will  be  referred 
to  as  primary  pulses.  A  comparison  of  the  effect  of  K  on  the  pulse 
amplitude  can  be  made  by  reference  to  Fig.  8. 


The  pulse  reflected  from  the  Nth  interface  has  an  amplitude  of 


P'L  •  [^[rh]"  K’p-  <«> 

for  even  values  of  N,  and 

p'],  •  Nfe]N  ^  p°  US) 


for  odd  values  of  N. 

There  will  be  multiple  reflections  from  the  two  interfaces  bounding 

any  layer  of  material.  Figure  9  shows  these  reflections  as  A,  B,  C, - . 

A  fraction  of  each  reflected  pulse  will  be  transmitted  through  the  bounding 

interfaces,  and  these  are  indicated  as  AA,  BB,  CC, - .  The  notations 

given  in  this  figure  replace  the  notations  Pt J  ^  by  simply  Pft  and  replace 

Pr]j^+1  by  An.  The  values  of  these  multiple  reflected  pulses  are  given 

by  the  following  equations: 
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The  signs  of  the  forward  moving  pulses  (B,  D,  F, - )  will  always 

be  plus  (+),  and  those  of  the  backward  moving  ones  (A,  C,  E, - )  will 

depend  upon  whether  the  bounding  laminations  have  higher  or  lower 
impedance.  If  K  <  1,  the  sign  will  be  +  if  N  is  odd  and  minus  (-)  if  N  is 
even.  If  K  >  1,  the  sign  will  be  +  if  N  is  even  and  -  if  odd.  The  ampli¬ 
tude  of  the  transmitted  components,  AA,  BB,  CC,  .  .  .  will  be 
2K/(K+1)  or  2/(K+l)  times  the  corresponding  amplitudes  of  A,  B,  C,  .  .  ., 
depending  upon  whether  the  transmission  is  into  a  material  of  higher  or 
lower  impedance. 

These  equations  are  very  cumbersome  to  use.  However,  the  values 
can  be  of  importance  to  the  design  engineer,  and  therefore,  values  of 
P,  A,  B,  C,  D,  E,  AA,  BB,  CC,  and  DD  have  been  computed  for  all 
values  of  N  from  1  to  30  and  for  impedance  mismatch  values  from  0. 1 
to  ID.  0.  These  are  included  in  the  Appendix.  The  value  of  PQ  has  been 
taken  as  unity;  therefore,  all  values  given  in  the  Appendix  must  be  multi¬ 
plied  by  P0. 

The  backward  moving  pulses  AA,  CC,  EE, - ,  form  a  rapidly 

converging  series,  the  sum  of  which  can  be  shown  to  be  equal  to  the 
value  of  -An_i.  Therefore,  the  sum 

An— l  +  AAn  +  CCn  + . =  0 

The  forward  moving  pulses  from  the  lamination  (Pn+1»  BBfj,  DD]\j, - ) 

also  constitute  a  rapidly  converging  series  with  the  sum  of  the  series 

Pn+i  +  BBn  +  DDpj  +  - -  =  Pn-i 

This  states  that  the  sum  of  the  amplitudes  of  the  leading  edges  of  all  the 
pressure  pulses  transmitted  at  the  second  interface  of  any  lamination  is 
equal  to  the  amplitude  of  the  pulse  impinging  upon  the  first  interface. 

This  is  to  be  expected  because  pulse  attenuation  and  energy  losses  have 
been  neglected. 

The  occurrence  of  these  multiple  reflections  within  a  layer  of  mate¬ 
rial  is  illustrated  by  the  following  example.  An  aluminum  plate  having  a 
thickness  of  0.  25 -in.  formed  one  side  of  a  tank  containing  water.  A  small 
blasting  cap  was  exploded  in  contact  with  the  outside  surface  of  the  plate 
producing  a  pressure  pulse  in  the  aluminum  having  an  amplitude  of  PQ. 

The  explosive  was  of  sufficiently  small  magnitude  as  not  to  produce  a 
crater  of  any  significant  size.  The  impedance  mismatch  between  aluminum 
and  water  is  approximately  0.  1  and  that  between  aluminum  and  air  is 
practically  zero.  According  to  Eqs.  (12)  and  (13),  the  amplitude  of  the 
pulse  transmitted  into  the  water  was  0.  182  Po  and  that  of  the  pulse  re¬ 
flected  from  the  aluminum -water  interface  was  a  negative  or  release 
wave  having  an  amplitude  of  -0.  818  P0.  At  the  aluminum-air  interface. 
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reflection  is  nearly  total.  This  reflected  pulse,  upon  reaching  the 
aluminum -water  interface,  will  again  be  partially  transmitted  and 
partially  reflected.  Figure  10  is  a  distance -time  plot  showing  the  wave 
fronts  in  the  aluminum  and  in  the  water.  Figure  11  is  a  photograph 
showing  clearly  these  multiple  waves  in  the  water  produced  by  the  in¬ 
ternal  reflections  in  the  aluminum  plate.  Considering  the  fact  that  the 
exact  pulse  velocity  for  this  aluminum  alloy  is  not  known,  there  is  very 
good  agreement  between  the  theoretical  plot  and  the  photograph  of  the 
waves  in  the  water.  According  to  the  computations,  there  should  be 
eight  multiple  pulses  per  inch,  and  the  photographs  show  seven. 


SECTION  V 

EFFECT  OF  PULSE  LENGTH  AND  MATERIAL  THICKNESS 


If  the  thickness  of  a  lamination  is  sufficiently  small  or  if  the  pulse 
length  is  sufficiently  large,  the  train  of  transmitted  waves  will  merge 
into  a  single  wave.  For  this  to  occur,  the  pulse  length,  A  ,  must  be 
equal  to  or  greater  than  twice  the  material  thickness. 

The  previous  example  will  serve  to  illustrate  this.  The  velocities 
of  pressure  waves  in  aluminum  and  water  are  approximately  20,  900 
and  5,  200  ft/sec,  respectively.  With  the  aluminum  plate  having  a  thick¬ 
ness  of  0.  25 -in. ,  the  wave  length  in  the  aluminum  must  be  at  least 
0.  50-in.  in  order  that  the  first  and  second  pulses,  the  second  and  third, 
the  third  and  fourth,  etc.  will  merge.  If  the  wave  length  is  as  great  as 
1.0  in.,  the  first,  second,  and  third  will  overlap.  The  effect  of  the 
wave  length  upon  the  profile  of  the  transmitted  pulse  is  shown  in  Fig.  12, 
where  it  is  assumed  that  the  initial  pulse  in  the  aluminum  plate  was  a 
step-function  having  length  A  and  amplitude  P0.  In  this  example  if  A  is 
less  than  0.  50-in. ,  the  transmitted  wave  would  be  a  series  of  separate 
and  distinct  pulses  having  amplitudes  as  shown  in  Fig.  10.  The  pulse  - 
length  in  the  water  would  be  the  ratio  of  the  pulse  velocity  in  water  to 
that  in  aluminum  times  the  pulse  length  in  the  aluminum,  or 


This  rate  of  decrease  in  amplitude  is  shown  by  the  curve  marked  Ai  in 
Fig.  12.  If  A  is  greater  than  0.  5  but  less  than  1.0  in. ,  the  pulses  will 
overlap,  and  the  transmitted  wave  will  rise  in  a  stepwise  manner  from 
zero  to  point  A  and  then  decay  stepwise  along  the  curve  indicated  by  A  2* 
If  A  had  a  value  greater  than  2  in.  and  less  than  2.  5  in. ,  the  pulse  front 
would  increase  to  point  B  and  then  decay  along  A  5.  If  the  wave  length  is 
very  long,  the  amplitude  of  the  transmitted  pulse  will  continue  to  in¬ 
crease  as  shown  by  the  curve  OABC,  approaching  a  maximum  amplitude 
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of  PG.  The  effect  of  the  original  pulse  profile  in  the  aluminum  plate 
upon  the  pulse  transmitted  into  the  water  is  shown  in  Fig.  13.  Fig¬ 
ure  13a  shows  the  theoretical  pulse  resulting  from  the  step  pulse  shown 
and  is  that  described  by  the  curve  A5  of  Fig.  12.  Figure  13B  shows  the 
pulse  in  the  water  resulting  from  a  sawtooth  pulse  in  the  aluminum  plate. 
Although  P0  and  A  are  the  same,  both  the  maximum  amplitude  and  loca¬ 
tion  of  the  peak  pressure  differ  in  the  two  examples  given. 


SECTION  VI 

SECONDARY  PRESSURE  WAVES 


It  has  been  shown  that  although  the  multiple  reflections  within  a 
lamination  converge  very  rapidly,  they  may  contribute  substantially  to 
the  amplitude  of  the  transmitted  stress  waves.  It  will  now  be  shown 
that  this  is  especially  true  if  conditions  are  such  that  these  secondary 
waves  combine  in  phase  with  other  waves,  producing  a  stress  that  may 
be  greater  than  the  primary  wave  P. 

Laminates  are  generally  constructed  with  alternate  layers  of  equal 
thickness.  This  may  or  may  not  be  advisable  from  a  structural  stand¬ 
point.  A  specific  case  will  be  given  as  an  example.  Figure  14  is  a 
distance-time  plot  of  the  pressure  pulse  through  a  composite  laminate 
in  which  the  even  numbered  laminations  are  all  of  the  same  material  and 
have  equal„thickness.  The  odd  numbered  layers,  of  another  material, 
also  are  equal  in  thickness,  and  the  impedance  mismatch  has  a  value 
of  0.  5.  The  wave  front  is  designated  by  P,  the  values  of  which  are 
given  both  in  the  Appendix  and  Fig.  7.  The  first  of  the  internal  reflec¬ 
tions,  A  Bind  B  and  their  transmitted  components,  A  A  and  BB,  are  shown 
and  their  values  may  be  determined  by  reference  to  the  Appendix.  (Nota¬ 
tion  used  here  is  defined  in  Fig.  9. )  The  amplitudes  of  the  primary  wave 
front,  P,  and  the  first  forward -moving  internal  reflection,  B,  are  given 
in  Fig.  15.  The  amplitude  of  B,  given  by  Eq.  (20),  has  a  value  of 
0.  Ill  Pn  when  K  =  0.  5.  The  amplitude  of  Bi  is  0.  074  PQ  and  that  of  the 
transmitted  wave,  BBi,  is  0.  099  Po.  The  front  of'BBj  reaches  the  inter¬ 
face  between  the  laminations  2  and  3  at  exactly  the  same  time  as  A3.  The 

transmitted  component  of  BBi  is  [2K/(K  +  1)J  BB,  or  0.  066  PQ.  The  am¬ 
plitude  of  B3  (the  reflected  component  of  A3)  also  has  a  value  of  0.066  P0, 
giving  the  first  for  ward -moving  secondary  wave  in  the  third  lamination 
a  value  of  0.  132  P0.  This  continues  through  the  laminate,  being  rein¬ 
forced  in  the  odd  numbered  laminations.  The  amplitude  of  this  wave  is 
designated  as  B*.  The  value  of  B*  for  any  value  of  N  may  be  found  by 
the  relation 

Bn'  =  -f-  Bn  (22) 
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if  N  is  even,  and 

Bn'  =  BN  (23) 

if  the  value  of  N  is  odd.  A  plot  of  the  amplitude  of  B'  is  shown  in  Fig.  15. 
It  may  bp  seen  that  for  this  case  of  K  =  0.  5,  B1  increases  in  amplitude 
up  to  the  eighteenth  lamination,  after  which  it  decreases  as  shown. 


The  lamination  in  which  B’  is  a  maximum  may  be  found  by  writing 
the  expression  for  B1  by  combining  Eqs.  (15),  (20),  and  (22)  giving 


B'  = 


(24) 


for  even  values  of  N.  Differentiating  with  respect  to  N  and  equating  to 
zero,  this  gives 


l/N  _  1  +  K 

2VK 


(25) 


The  same  relation  is  obtained  by  using  the  equation  for  B1  for  an  odd 
number  of  laminations.  When  using  Eq.  (25)  to  determine  the  lamina¬ 
tion  in  which  the  amplitude  of  the  secondary  wave  B’  reaches  a  maxi¬ 
mum  value,  the  nearest  even  value  of  N  should  be  used  for  values  of  K 
less  than  unity  and  the  nearest  odd  value  for  values  of  K  greater  than 
unity. 


Referring  again  to  Fig.  14,  it  is  seen  that  reinforcement  of  pres¬ 
sure  waves  also  occurs  in  the  even  numbered  laminations,  resulting  in 
the  wave  indicated  as  B".  The  amplitude  of  B"  is  the  same  as  that  of  B1 
in  the  even  numbered  layers  but  has  a  different  value  in  the  odd  layers, 
this  being 

BN"  =  BN  (26) 

Values  of  the  amplitude  of  B"  for  both  even  and  odd  numbered  lamina¬ 
tions  are  shown  in  Fig.  15. 


SECTION  Yll 

FURTHER  EFFECTS  OF  LAMINATION  THICKNESS 


Suppose  that  the  thickness,  tj,  of  the  odd  numbered  laminations  of 
Fig.  14  is  decreased.  This  will  result  in  the  front  of  the  primary  pres¬ 
sure  wave  P  and  that  of  the  secondary  wave  B1  coming  closer  together. 
As  the  thickness  ti  approaches  zero,  the  amplitude  of  the  wave  front 
will  approach  the  value  of  P  +  B1.  Although  must  have  a  finite  thick¬ 
ness  (Ref.  8),  the  amplitude  may  actually  have  this  value  because  a 
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pressure  pulse  generally  rises  rapidly  from  zero  to  a  maximum  and  has 
a  zero  slope  at  that  point  (Ref.  9).  Similarly,  the  amplitude  of  the  wave 
front  will  approach  P  +  B"  if  the  thickness  of  the  even  numbered  lamina¬ 
tions,  t0,  is  decreased  to  a  small  value.  The  sums  P  +  B'  and  P  4  B" 
for  K  =  0.  5  are  shown  on  Fig.  15. 

Although  the  sum  of  the  primary  and  one  of  the  secondary  waves 
never  exceeds  the  value  of  PG,  the  pressure  is  much  greater  throughout 
the  laminate  than  would  have  been  computed  if  the  effect  of  the  secondary 
pulse  had  not  been  considered. 

If  the  relative  thickness  of  the  laminations  is  such  that 


toAi  =  co/c,  (27) 

the  fronts  of  the  two  waves  B1  and  B"  will  coincide,  giving  a  secondary 
wave  of  amplitude 

Bn  '  +  Bn  "  =  N  Bn  (28) 

in  all  laminations,  both  even  and  odd.  Figure  16  shows  a  distance-time 
plot  of  the  wave  fronts  for  this  condition  for  the  case  where  K  =  0.5, 
and  Fig.  15  shows  the  variation  of  the  amplitude  versus  lamination 
number.  Graphs  of  B1  4  B11  for  values  of  K  ranging  from  0.  1  to  10.  0 
for  up  to  thirty  laminations  are  given  in  Fig.  17.  Curves  showing  the 
pulse  amplitudes  in  the  even  numbered  laminations  for  values  of  K  <  1 
are  shown  in  Fig.  18.  The  relation  given  by  Eq.  (25),  which  also  may 
be  expressed  in  the  form 


ln  (29) 

gives  the  lamination  number  in  which  the  amplitude  B1  4  B"  is  a  maxi¬ 
mum.  This  value  is  given  by  the  curve  for  Nj  shown  in  Fig.  19. 

When  the  ratio  of  the  wave  velocities  in  the  two  media  is  very  large 
(or  very  small)  and  the  lamination  thickness  is  in  the  same  proportion, 
the  leading  edges  of  the  waves  P  and  B1  4  BM  will  be  very  close  together, 
and  the  resulting  pulse  amplitude  will  probably  be  the  sum  of  the  two. 
This  will  also  be  true  in  any  case  where  the  pulse  has  a  very  long  wave 
length.  The  sum,  P  +  B'  +  B",  is  shown  for  K  having  a  value  of  0.  5  in 
Fig.  15.  For  these  conditions,  the  resulting  pressure  in  the  laminate 
is  greater  than  the  pressure  would  have  been  in  a  solid  target.  Graphs 
of  P  +  B’  4  B"  for  values  of  K  ranging  from  0.  1  to  10.  0  for  up  to  thirty 
laminations  are  given  in  Fig.  20.  Curves  showing  the  pulse  amplitudes 
in  the  even  numbered  layers  for  values  of  K  <  1  are  shown  in  Fig.  21. 
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The  expression  for  the  amplitude  of  this  pulse  for  even  values  of  N  is 


P 


+  B'  +  B' 


MTi 

_  i  +  kJ  l 


1  -t  N 


(30) 


The  lamination  in  which  the  pulse  amplitude  is  a  maximum  is  found  by- 
differentiating  this  expression  with  respect  to  N  and  equating  to  zero. 
This  gives 


K 


1  n 


1  K 


+ 


(31) 


These  values  are  given  by  the  curve  N2  of  Fig.  19. 


The  third  wave  shown  in  Fig.  16  is  a  tensile  or  release  wave. 
Although  this  wave  is  made  up  of  many  weak  pulses  meeting  in  phase 
(for  example,  sixty-five  pulses  combine  to  form  this  wave  at  the  tenth 
lamination),  it  may  contribute  significantly  to  the  stress  developed  in  the 
target  as  shown  in  the  following  example. 


Consider  a  target  which  consists  of  five  laminations  with  an  im¬ 
pedance  mismatch  of  0.  5.  (This  would  be  the  approximate  value  for  a 
steel-lead  or  copper -aluminum  combination, )  The  thickness  of  the 
first,  toi  and  the  last,  t4,  is  relatively  large  as  shown  in  Fig.  22,  and 
the  thicknesses  of  the  other  laminations  are  such  that  ti  =  t3  =  cit2/c0, 
where ‘c0  is  the  pulse  velocity  in  laminations  0,  2,  and  4,  and  cj  is  the 
velocity  in  1  and  3.  The  distance-time  plot  (Fig.  22)  of  the  wave  fronts 
is  shown  with  the  amplitudes  given  for  the  last  lamination  for  the  case 
of  a" step-pulse  having  amplitude  Pq. 


.  First,  consider  the  stress  developed  by  the  reflections  from  the 
rear  surface  if  A  <  2t2.  The  wave  transmitted  through  the  last  lamina¬ 
tion  will  consist  of  separate  pulses  as  shown  in  Fig.  22a  for  time  T2. 
Upon  total  reflection,  the  maximum  tensile  stress  will  occur  when  the 
reflected  first  pulse  interacts  with  the  oncoming  third  pulse  giving  a 
tensile  stress  of  0.  965  PD.  At  time  T3,  the  pulse  form  is  shown  in 
Fig.  22c. 

For  A  >  2t2,  the  waves  transmitted  through  the  last  lamination  will 
overlap  and  appear  as  shown  in  Fig.  22b.  The  reflected  tensile  wave 
will  have  a  maximum  amplitude  of  1.  23  PG  at  time  T4,  as  shown  in 
Fig.  22d,  This  means  that  if  this  target  had  been  constructed  of  copper- 
aluminum  laminations,  the  tensile  stress  developed  in  the  last  layer  of 
copper  would  have  been  23  percent  greater  than  if  a  solid  copper  target 
had  been  used. 
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SECTION  VIII 
DISCUSSION 


According  to  these  theoretical  considerations,  a  few  general  con¬ 
clusions  may  be  drawn  which,  if  properly  observed,  should  lead  to  the 
use  of  laminates  in  such  a  way  as  to  reduce  the  probability  of  damage 
produced  by  stress  induced  by  explosions  or  impact. 

1.  The  impedance  mismatch  should  not  have  a  value  near  unity. 

2.  The  last  layer  of  a  laminate  should  be  of  the  material  having 
the  least  characteristic  impedance. 

3.  The  relative  thicknesses  of  the  two  materials  should  not  be  in 
the  same  proportions  as  the  wave  velocities  in  the  respective 
materials. 

4.  The  laminations  should  be  of  sufficient  thickness  so  as  not  to 
result  in  a  superposition  of  the  transmitted  pulses. 

5.  The  number  of  laminations  should  not  be  such  that  the  maxi¬ 
mum  stress,  according  to  Fig.  19,  will  occur  in  the  last  layer. 

6.  Alternate  laminations  should  not  be  of  the  same  thickness. 

Further  experimental  work  is  needed  to  verify  the  validity  of  the 
assumptions  made  and  the  conclusions  reached  in  this  study. 
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Target  Material:  Annealed  Capper  Projectile  Diameter:  3/16  in. 

Target  Thickness:  1  in.  Projectile  Velocity:  20,000  ft/sec 

Projectile  Material:  Aluminum  Projectile  Shape:  Sphere 

Fig.  1  Fracture  in  a  Solid  Target 


Target  Material:  Annealed  Copper-  Projectile  Diameter:  3/16  in. 

Saldcr  Laminate  Projectile  Velocity:  21,300  ft/sec 

Target  Thickness:  3/4  in  Projectile  Shape:  Sphere 

Projectile  Material:  Aluminum 


Fig.  2  Fracture  in  a  Laminated  Target 
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Fig*  3  Mechanics  of  Pressure  Pulse  at  an  Interface 


Pulse  Amplitude, 
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Fig.  6  Froctures  in  Plastic  Cylinders  (Produced  by  Identicol  Blasting  Caps) 


to 
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Pulse  Amplitude 
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Fig.  7  Primary  Puls*  Amplitude 
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Fig.  7  Concluded 
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Relative  Pressure  at  Pulse  Front, 
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Values  of  K  less  than  one. 
Even  values  of  N. 


Lamination  Number,  Even  Values 


Fig*  8  Effect  of  Impedance  Mismatch  upon  Primary  Pulse  Attenuation 
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Values  of  K  greater  than  one. 
Even  values  of  N. 


Lamination  Number,  Even  Values 


Fig.  8  Continued 


25 


Relative  Pressure  at  Pulse  Front, 
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Values  of  K  less  than  one. 
Odd  values  of  N. 
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Fig.  8  Continued 
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Fig.  8  Concluded 
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Aluminum-Water  Interface 


Pressure  as  Fraction  of  P, 
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Fig*  12  Effect  of  Pulse  Length  upon  the  Transmitted  Wave  in  Water 
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Distance  from  Initial  Pulse  Front,  in. 

a.  The  above  pulse  in  o  0.25-in.  aluminum  plate  would  transmit  into  water  the  wove  shown 


Distancefrom  Initial  Pulse  Front,  in. 

b.  The  above  pulse  in  o  0.25-in.  aluminum  plate  would  transmit  into  water  the  wave  shown 

* 

Fig.  13  Effect  of  Pulse  Profile  upon  the  Transmitted  Wave  in  Water 
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Material  Properties 
If  the  Lamination  Number  Is  Even: 
p0  “Materia!  Density 
c0  ■  Pulse  Velocity 
t0  -  Thickness 

If  the  Lamfnatlon  Number  Is  Odd: 
p  i  -  Material  Density 
Ci  ■  Pulse  Velocity 
tj  “Thickness 


Numerical  Values 
for  K  -  0.5 


Pressure  Wave 


Crater 


- Tensile  Wave 
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Fig.  14  Primary  and  Secondary  Pressure  Waves  In  Composite  Laminates 
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Fig.  15  Possible  Combinations  of  Primary  and  Secondary  Pressure  Waves 
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Fig.  16  Conditions  for  Maximum  Amplitude  of  Secondary  Pressure  Waves 
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Fig,  17  Secondary  Pulse  Amplitude 
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Fig.  17  Concluded 
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Fig.  18  Effect  of  Impedance  Mismatch  upon  Amplitude  of  Secondary  Pulses 
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Fig.  20  Concluded 
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Fig.  21  Effect  of  Impedance  Mismatch  upon  Sum  of  Primary  and  Secondary  Pulse  Amplitudes 
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TABLE  I 

PROPERTIES  OF  SOME  TYPICAL  MATERIALS 


Steel 

Silver 

Copper 

Lead 

Mercury 

Glass 

Aluminum 

Lucite 

Water 


Density,  p, 
lb-sec2-ft"4 

Wave  Velocity,  c, 
ft-sec”^ 

15.2 

19,500 

20.4 

13,400 

17.2 

14,000 

22.0 

7,100 

26.3 

4,500 

5.0 

22,300  . 

5.22 

20,900 

2.3 

8,700 

1.94  j 

5,200 

Charac ter is  t ic 
Impedance,  pc, 

lb-sec-f t“2 


29.6  x  10 
27.3  x  104 
24.1  x  10^ 

15.6  x  10^ 

11.8  x  10^ 
11.15  x  104 

10.9  x  104 
2.0  x  104 


1.01  x  10 
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TABLE  II 

IMPEDANCE  MISMATCH  FOR  VARIOUS  COMBINATIONS  OF  MATERIALS, 
IMPEDANCE  MISMATCH,  K  *  (- ^ Ct  ) 


'"■"-*s2nd 

Steel 

Silver 

Copper 

Lead 

Mercury 

Glass 

Aluminum 

Lucite 

Water 

Steel 

- 

0.92 

0.81 

0.53 

0.40 

0.38 

0.37 

0.068 

0.034 

Silver 

1.08 

- 

0.88 

0.57 

0.43 

0.41 

0.40 

0.073 

0.037 

Copper 

1.23 

1.13 

- 

0.65 

0.49 

0.46 

0.45 

0.083 

0.042 

Lead 

1.90 

1.75 

1.54 

- 

0.76 

0.71 

0.70 

0.128 

0.065 

Mercury 

2.51 

2.31 

2.04 

1 .32 

- 

0.94 

0.92 

0.169 

0.086 

'Glass 

2.65 

2.45 

2.16 

1.40 

1.06 

- 

0.98 

0.179 

0.091 

Aluminum 

2.72 

2,50 

2.21 

1.43 

1.08 

1.02 

- 

0.183 

0.093 

Lucite 

14.8 

13.65 

12.0 

7.80 

5.90 

5.57 

5.45 

- 

0.51 

Water 

29.3 

27.0 

23.9 

15.4 

11.68 

11.00 

10.8 

1.98 

- 
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APPENDIX  I 

VALUES  OF  PULSE  AMPLITUDES  IN  LAMINATED  MATERIAL 

NOTE:  Use  of  the  values  presented  in  this  appendix 
must  be  undertaken  with  the  recognition  that 
their  derivation  has  been  based  upon  the 
assumptions  set  forth  in  Section  II  of  the  text. 
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impact  are  sometimes  reduced,  and  at  other  times  are  increased,  by 
the  use  of  laminated  materials.  An  analysis  of  some  of  the 
parameters  which  affect  the  ability  of  a  laminated  structure  to 
resist  fracture  following  impact  has  been  conducted.  It  is  shown 
that  there  are  multiple  reflections  from  the  interfaces  bounding  any 
layer  of  material.  The  amplitudes  of  these  waves  attenuate  very 
rapidly,  but  because  their  transmitted  components  may  combine  in 
phase  with  other  waves,  they  sometimes  contribute  substantially  to 
the  total  stress  produced.  It  is  shown  that  these  combined  waves 
may  result  in  a  stress  much  greater  in  the  laminated  material  than 
would  have  been  produced  by  the  same  impact  on  a  solid  target  of 
either  of  the  materials  used;  however,  under  other  conditions,  the 
laminate  may  be  employed  to  reduce  the  stress  to  a  very  small  value. 
Pressure  pulse  amplitudes  in  materials  having  impedance  mismatch 
values  ranging  from  0.1  to  10.0  and  having  as  many  as  thirty 
laminations  are  presented  in  both  graphical  and  tabular  form. 
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